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Abstract
Recently, folk questions on the smoothability of Cauchy hypersurfaces and time
functions of a globally hyperbolic spacetime M , have been solved. Here we give
further results, applicable to several problems:
(1) Any compact spacelike acausal submanifold H with boundary can be
extended to a spacelike Cauchy hypersurface S. If H were only achronal, coun-
terexamples to the smooth extension exist, but a continuous extension (in fact,
valid for any compact achronal subset K) is still possible.
(2) Given any spacelike Cauchy hypersurface S, a Cauchy temporal function
T (i.e., a smooth function with past-directed timelike gradient everywhere, and
Cauchy hypersurfaces as levels) with S = T −1(0) is constructed -thus, the
spacetime splits orthogonally as R× S in a canonical way.
Even more, accurate versions of this last result are obtained if the Cauchy
hypersurface S were non-spacelike (including non-smooth, or achronal but non-
acausal). Concretely, we construct a smooth function τ :M→ R such that the
levels St = τ
−1(t), t ∈ R satisfy: (i) S = S0, (ii) each St is a (smooth) spacelike
Cauchy hypersurface for any other t ∈ R\{0}. If S is also acausal then function
τ becomes a time function, i.e., it is strictly increasing on any future-directed
causal curve.
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1 Introduction
The question whether the Cauchy hypersurfaces and Cauchy time functions of a
globally hyperbolic spacetime (M, g) can be taken smooth, have remained as an
open folk question in Lorentzian Geometry until the recent full solution [2, 3].
Essentially, (M, g) not only contains a (smooth) spacelike Cauchy hypersurface
[2], but also a Cauchy temporal function T and, thus, a global smooth splitting
M = R × S0, such that each level at constant T is a Cauchy hypersurface,
orthogonal to the vector field ∂/∂T naturally induced from the R part [3] (see
also [4, Section 2] for a brief history of the problem, and [15] for related questions,
including the smoothability of time functions in stably causal spacetimes). Even
though such results are enough from the conceptual viewpoint as well as for
typical applications in General Relativity ([16], [1], [6], etc.), the importance
of spacelike Cauchy hypersurfaces for both, classical GR (Cauchy problem for
Einstein’s equation) and its quantization suggests related problems.
In the present note, two related problems on smoothability are solved. The
first one concerns the problem on extendability of a compact spacelike subman-
ifold to a full smooth Cauchy hypersurface S. Concretely, we will prove:
Theorem 1.1 Let (M, g) be a globally hyperbolic spacetime, and let H ⊂M be
a spacelike and acausal compact m–submanifold with boundary.
Then, there exists a spacelike Cauchy hypersurface S such that H ⊂ S.
We emphasize that all the hypotheses are necessary and, in fact, if H were only
achronal instead of acausal, then no smooth Cauchy hypersurface extending
H will exist in general (Example 3.4) –even though a non-smooth one does
exist, Theorem 3.8. Moreover, in the definitions below we will assume that
submanifolds are connected (an usual simplifying convention) but the proof of
Theorem 1.1 is extended to the non-connected case easily, Remark 4.14.
For the second problem, recall first that the Cauchy temporal function T
in [3] is constructed by means of a quite long process, which uses the previ-
ously constructed Geroch’s Cauchy time function [9]. So, even though the level
hypersurfaces of T are proven to be Cauchy, they become rather uncontrolled.
Therefore, it is natural to wonder:
Given a spacelike Cauchy hypersurface S, is there a Cauchy temporal
function T such that S is one of its levels?
Even more, if S were only a topological Cauchy hypersurface, we can wonder if
it can be approximated by spacelike ones St in the strongest possible sense, that
is, by finding a Cauchy time function τ (everywhere smooth and with timelike
gradient except at most on S) such that St = τ
−1(t), for all t ∈ R\{0}, and
S = τ−1(0).
Our purpose is to answer affirmatively these questions. First, we study the
last one. A continuous function τ fulfilling all the other required properties is
shown to exist easily, Proposition 5.17. By using techniques in [2, 3], we show
that τ can be chosen smooth everywhere (with gradient vanishing only at S,
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which maybe non-smooth), Theorem 5.15. In this theorem, if S is acausal then
τ will be automatically a smooth time function. Nevertheless, it is not evident
to prove that, if S is spacelike, then τ can be chosen with timelike gradient at
S. This is carried out by using again techniques in [3], proving finally:
Theorem 1.2 Let (M, g) be globally hyperbolic, and S a spacelike Cauchy hy-
persurface. Then, there exists a Cauchy temporal function T : M → R such
that S = T −1(0).
These problems become natural as purely geometric problems in Lorentzian
Geometry, applicable, for example, to the initial value problem in General Rel-
ativity. In fact, the typical initial 3-Riemannian manifold for Einstein equation
would be (a posteriori) one of the levels of a Cauchy temporal function. Thus,
from the viewpoint of foundations, one should expect that any spacelike Cauchy
hypersurface can be chosen as one such level, whatever the stress-energy tensor
in Einstein’s equation maybe –as ensured by Theorem 1.2. Even more, some
gluing methods to solve Einstein equations make natural to extend a compact
spacelike hypersurface with boundary H to a spacelike Cauchy hypersurface S
under some restrictions [7, 11]; Theorem 1.1 is then a fundamental claim, valid
in general. On the other hand, the interest of such a S when H is only a 2-
surface (composed by the fixed points of a 1-parameter group of isometries) is
stressed in the report by Kay and Wald [10].
Nevertheless, in spite of these “classical” applications, we are in debt with
researchers in quantization who suggested us both problems. Concretely, the
first problem applies in locally covariant quantum field theories [5], and allows
to simplify Ruzzi’s proof of the punctured Haag duality [14]. The second one
is useful to prove the uniqueness of solutions to hyperbolic equations in the
context of quantization.
This paper is organized as follows. In Section 2, conventions and basic facts
are recalled. The extendability of subsets to Cauchy hypersurfaces is studied
in Section 3 from the topological viewpoint; then, smooth extensions are found
in Section 4. In Section 5 any Cauchy hypersurface is proven to be the level of
a Cauchy function τ which is not only continuous but also smooth. The final
improvement, i.e., τ can be chosen temporal if S is spacelike, is carried out in
Section 6.
2 Set-up
Throughout this paper we will use background results, notation and conventions
as in [2, 3]. In particular, (M, g) will denote a spacetime, i.e., a connected time-
oriented Ck Lorentzian n0−manifold, n0 ≥ 2, k = 1, 2, ...∞; smooth will mean
Ck-differentiable. The signature will be chosen (−,+, . . . ,+) and, thus, for
a timelike (resp. causal, lightlike, spacelike) tangent vector v 6= 0, one has
g(v, v) < 0 (resp. ≤ 0,= 0, > 0); following [12], vector 0 will be regarded as
spacelike. The topological closure of a subset G is denoted as G¯; if G is a
submanifold with boundary, the boundary is denoted ∂G.
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A convex neighborhood Cp of p ∈ M is an open subset which is a normal
neighbourhood of all its points q ∈ Cp; in particular, each two points q, q′ ∈ Cp
can be joined by a unique geodesic enterely contained in Cp. We will also consider
that a complete Riemannian metric gR is fixed and the gR–diameter of any Cp is
assumed to be < 1 (further conditions on convex neighbourhoods are frequent;
see for example simple neighbourhoods in [13]).
Hypersurfaces and submanifolds will be always embedded, and they will be
regarded as connected and without boundary, except if otherwise specified. In
general, they are only topological, but the spacelike ones will be regarded as
smooth.
Recall that a Cauchy hypersurface is a subset S ⊂ M which is crossed
exactly once by any inextendible timelike curve (and, then, at least once by any
inextendible causal curve); this implies that S is a topological hypersurface (see,
for example, [12, Lemma 14.29]). Cauchy hypersurfaces are always achronal, but
not always acausal; nevertheless, spacelike Cauchy hypersurfaces are necessarily
acausal.
A time function is a continuous function t which increases strictly on any
future-directed causal curve. A temporal function is a smooth function with
past-directed timelike gradient everywhere. Temporal functions are always time
functions, but even smooth time functions may be non-temporal (as will be
evident below). Time and temporal functions will be called Cauchy if their
levels are Cauchy hypersurfaces. Notation as Sti = t
−1(ti) or, simply, Si will
be used for such levels.
In what follows, (M, g) will be assumed globally hyperbolic. By Geroch’s
theorem [9], it admits a Cauchy time function t :M → R and, from the results
in [3], even a Cauchy temporal function T (these functions will be assumed
onto without loss of generality). Given such a T , the metric admits a (globally
defined) pointwise orthogonal splitting
g = −βdT 2 + gT , (1)
where β > 0 is a smooth function onM , and gT is a Riemannian metric on each
level ST .
Given a Cauchy hypersurface S, it is well known that M can be regarded
topologically as a product R× S, where (s, x)≪ (s′, x) if s < s′ (if S is smooth
then M is also smoothly diffeomorphic to R × S). This result is obtained by
moving S with the flow of any complete timelike vector field, but then the slices
at constant s maybe non-Cauchy (even non-achronal). Nevertheless, the aim of
Theorem 1.2 is to prove that (when S is spacelike) one can take s = T for some
temporal function and, then, the prescribed S is one of the levels of T in (1).
3 Topological versions of Theorem 1.1
For any subset K, we write J(K) := J+(K) ∪ J−(K). By using global hyper-
bolicity, it is straightforward to check that, if K is compact then J±(K) and
J(K) are closed.
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First, we will prove a topological version of Theorem 1.1. For this version,
the following simple property becomes relevant.
Lemma 3.3 Assume that K ⊂ M is compact and acausal. Then K separates
J(K), i.e., any curve ρ from J−(K)\K to J+(K)\K enterely contained in J(K)
must cross K.
Proof. Given such ρ, there is a point p = ρ(s0) which belongs to J
+(K) ∩
J−(K), because J+(K) and J−(K) are closed. As K is acausal, necessarily
p ∈ K.
If K is assumed only achronal instead of acausal, then the conclusion does
not hold, as the following counterexample shows.
Example 3.4 Consider the canonical Lorentzian cylinder (R× S1, g = −dt2 +
dθ2) and put K = {(θ/2, (cos θ, sin θ)) : θ ∈ [0, 4π/3]}. Then, K is spacelike and
achronal, but not acausal because (0, (0, 0)) < (2π/3, (−1/2,−√3/2)). Even
more, J(K) is the whole cylinder, but K does not separates it.
Nevertheless, given such an achronal K, a new achronal set KC ⊃ K can
be constructed which satisfies the conclusion in Lemma 3.3. Concretely, recall
that if K is achronal but not acausal then there are points p, q ∈ K, p < q
which will be connectable by a lightlike geodesic segment γpq (without conjugate
points except at most the extremes). Define the causal hull of K as the set
KC ⊂ M containing K and all the lightlike segments which connect points of
K. Obviously, J(K) = J(KC) and, if K is compact and achronal, then so is
KC . A straightforward modification of Lemma 3.3 yields:
Lemma 3.5 Assume that K ⊂ M is compact and achronal. Then the causal
hull KC separates J(K).
The topological version of Theorem 1.1 is the following one (recall that K
does not need to be a submanifold here):
Proposition 3.6 Let (M, g) be a globally hyperbolic spacetime, and let K ⊂M
be an acausal (resp. achronal) compact subset.
Then, there exists an acausal Cauchy (resp. a Cauchy) hypersurface S′K
such that K ⊂ S′K .
Proof. We will reason the acausal case; the achronal one is analogous,
replacing along the proof K by KC and using Lemma 3.5 instead of Lemma
3.3.
Notice first that, as J(K) is closed, its complement M ′ = M\J(K), if non-
empty, is an open subset of M which, regarded as a (possibly non-connected)
spacetime, becomes globally hyperbolic too. In fact, M ′ is obviously strongly
causal and, given any p, q ∈ M ′, the compact diamond J+(p) ∩ J−(q) ⊂ M is
included in M ′.
Now, consider any (possibly non-connected) acausal Cauchy hypersurface S′
of M ′ (if M ′ = ∅, put S′ = ∅) and let us check that the choice S′K = S′ ∪ K
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is the required hypersurface. Recall first that S′K is an acausal subset of M ,
because if a (inextendible, future-directed) causal curve γ crosses K then it is
completely contained in J(K) and cannot cross S′.
On the other hand, if γ is not completely contained in J(K), it crosses
obviously S′. Otherwise, it will cross K because if, say, γ(s0) ∈ J+(K), then
Z = J−(γ(s0))∩J+(K) is compact and, as γ cannot remain imprisoned towards
the past in Z, it will reach J−(K), and Lemma 3.3 can be claimed.
Remark 3.7 The compactness of K becomes essential in Proposition 3.6, as
one can check by taking K as the upper component of hyperbolic space (or
closed non-compact subsets of it) in Lorentz-Minkowski spacetime.
The following technical strenghtening of Proposition 3.6 shows (also at a
topological level) that the Cauchy hypersurface can be controlled further, inside
the levels of a Cauchy time function.
Theorem 3.8 Fix a Cauchy time function t : M → R in (M, g). If K is a
compact acausal (resp. achronal) subset then there exists t1 < t2 and an acausal
Cauchy (resp. a Cauchy) hypersurface SK ⊃ K such that:
SK ⊂ J+(S1) ∩ J−(S2). (2)
Proof. Again, we will consider only the acausal case. From Proposition
3.6, we can assume that K is a subset of an acausal Cauchy hypersurface S′K .
Let t1 (resp. t2) be the minimum (resp. maximum) of t(K), choose any
t0 ∈ R, and regard S1, S2, S′K as graphs on S0, i.e.:
S′K = {(t′K(x), x) : x ∈ S0}
for some continuous t′K : S0 → R, and analogously for Si (each function ti(x) is
constantly equal to ti, for i = 1, 2). Define tK : S0 → R as:
tK(x) =


t′K(x) if t1 ≤ t′K(x) ≤ t2
t1 if t
′
K(x) < t1
t2 if t2 < t
′
K(x)
(3)
Clearly, tK is continuous (tK =Max(t1,Min(t2, t
′
K))), and the corresponding
graph SK is a closed topological hypersurface which includes K. To check that
SK is Cauchy, recall first that it is crossed by any inextendible timelike curve
γ (as γ must cross S1 and S2). It is also achronal because, if p, q ∈ SK were
connectable by means of a future-directed causal curve γ, then at least one of
them is not included in S′K , say, p = (t1, x1) ∈ S1. Recall that, as t′K(x1) < t1,
then S′K ∋ (t′K(x1), x1) ≪ p < q, and the acausality of S′K forces q 6∈ S′K .
Thus q = (t2, x2) ∈ S2 but then (t′K(x1), x1) ≪ p < q ≪ (t′K(x2), x2) ∈ S′K , in
contradiction again with the acausality of S′K .
Recall from Example 3.4 that, in general, one cannot hope to extend a space-
like achronal compact hypersurface to a smooth Cauchy hypersurface. Thus,
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Theorem 3.8 is our best result for this case1. Nevertheless, in the next section,
we will see that the acausal ones can be smoothly extended. The following sim-
ple result for the acausal case, also suggest the main obstruction for the achronal
one (again, the conclusion would not hold in Example 3.4).
Lemma 3.9 In the hypotheses of Th. 1.1, there exist two hypersurfaces G1, G2
such that the closures G¯1, G¯2 are acausal, compact, spacelike hypersurfaces with
boundary, and H ⊂ G1, G¯1 ⊂ G2.
Proof. To prove the existence of G1 is enough. It is straightforward to
prove the extendability of the compact k-submanifold with boundary H to an
hypersurface G1 which can be chosen spacelike by continuity (and with G¯1
compact). Let us prove that G¯1 can be also chosen acausal.
Otherwise, taken any sequence of such hypersurfaces with boundary {G¯n}n
with G¯n+1 ⊂ G¯n, and H = ∩nG¯n, then no hypersurface G¯n would be acausal.
Thus, we can construct two sequences pn < qn, pn, qn ∈ G¯n (and the corre-
sponding sequence of connecting causal curves γn) which, up to subsequences,
converge to limits p, q in H . If p 6= q this would contradict the acausality of
H (the sequence {γn}n would have a causal limit curve); otherwise, the strong
causality of (M, g) would be violated at p.
4 The smoothing procedure for Theorem 1.1
In what follows, the notation and ambient hypotheses of Theorem 1.1 and
Lemma 3.9 are assumed, and S0 = St0 for a choice t0 < t1. SK will denote
the Cauchy hypersurface in Theorem 3.8 obtained for K = G¯2. Our aim is to
smooth SK outside H .
Remark 4.10 Notice that, by using the smoothness results [2, 3], the Cauchy
hypersurface S′K in Proposition 3.6 is the graph of a function t
′
K , which can be
assumed smooth everywhere but the points corresponding to ∂G2. This sug-
gests the possibility to obtain the required smooth hypersurface by smoothing
t′K . Nevertheless, the limits of the derivatives of t
′
K as one approaches ∂G2
from outside are widely uncontrolled (say, for a sequence {pn}n ⊂ M\G¯2 con-
verging to a point p ∈ ∂G2 the sequence of –spacelike– tangent spaces TpnS′K
may converge to a degenerate hyperplane of TpM). Thus, we prefer to follow
systematically the approach in [2].
We will need first the following two technical results. The first one was
proved in [2]:
Lemma 4.11 Let G0 be an open neighbourhood of H in G1, fix p ∈ SK\G0,
and any convex neighborhood of p, Cp ⊂ I+(S0) which does not intersect H.
1The proofs of Theorem 3.8 and Proposition 3.6 also show that, if K is assumed only
achronal, the points in SK where the acausality is violated belongs to the convex hull K
C .
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Then there exists a smooth function
hp :M → [0,∞)
which satisfies:
(i) hp(p) = 2.
(ii) The support of hp is compact and included in Cp.
(iii) If q ∈ J−(SK) and hp(q) 6= 0 then ∇hp(q) is timelike and past-directed.
In fact, we can take hp(q) = ape
−1/d(q,p′)2 where p′ ∈ I−(p) is chosen close to
p and ap is a constant of normalization (see [2, Lemma 4.12] for details). The
second one can be seen as a refinement of previous lemma, in order to deal with
the submanifold H instead of a point p.
Lemma 4.12 There exists a function
hG : M → [0,∞)
which is smooth on (a neighborhood of) J−(SK) and satisfies:
(i) hG(q) = 1 for all q in some neighbourhood G0 of H in G1; hG(SK\G2) ≡
0.
(ii) The support of hG (i.e., the closure of h
−1
G (0,∞)) is included in I+(S0)
for some t0 ∈ R.
(iii) If q ∈ J−(SK) and hG(q) 6= 0 then ∇hG(q) is timelike and past-directed.
Proof. Essentially, hG will be the time-separation function (up to a normal-
ization and a suitable exponentiation, to make it smooth at 0) to a hypersurface
G˜ (= Gǫ for small ǫ) which behaves as in the figure.
Figure 1: G¯0 is a spacelike graph on G¯ (H ⊂ G1; G¯1 ⊂ G). Moreover, G¯1 ⊂ G0
and, thus, φǫ(G1) ⊂ φǫ(G¯0). For small ǫ, J−(G0)∩G¯ǫ ⊂ φǫ(G1) and d(G¯ǫ, p) = ǫ
for all p ∈ G0. G˜ is taken equal to such Gǫ.
Rigourously, let N be the unitary future-directed normal vector field to G2,
and let dR be the distance associated to the induced Riemannian metric on G2.
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Denote as dR(·, G¯1) the dR-distance function to G¯1 on G¯2, and let
ρ : G¯2 → [0,∞), ρ(p) = exp(−dR(p, G¯1)−2).
Note that this function is 0 on G¯1, and smooth on some open neighbourhood
G of G¯1. Even more, taking if necessary a smaller G, we can assume that the
graph
G¯0 = {exp(ρ(p)Np) : p ∈ G¯}
is a spacelike compact hypersurface with boundary.
Let ǫ0 > 0 be the minimum of ρ on the boundary ∂G, and let
Φ : [0, δ0)× G¯→M, Φ(s, p) = exp(−sNp),
where δ0 < ǫ0 is small enough to make Φ a diffeomorhism onto its image (see,
for example, [13, Section 7] or [12, Ch. 10] for background details). Now, for
any ǫ ∈ (0, δ0) the hypersurface
G¯ǫ = {Φ(ǫ, p) = exp(−ǫNp) : p ∈ G¯0}
satisfies:
(a) ∂Gǫ ⊂ I+(SK)
(b) there are no focal points of Gǫ in I+(Gǫ) ∩ J−(SK).
Therefore, the time-separation function (Lorentzian distance) to G¯ǫ, d(·, G¯ǫ), is
smooth on a neighbourhood of I+(Gǫ) ∩ J−(SK), with past-directed timelike
gradient. Even more, choosing ǫ small enough we have, for some neighbourhood
G0 of H :
(c) J−(G0) ∩Gǫ ⊂ Φ(ǫ,G1) and, thus, d(p,Gǫ) = ǫ, for all p ∈ G0.
Now, the required hypersurface G˜ is any such Gǫ satisfying (a), (b), (c), and
hG is then:
hG(p) = exp(ǫ
−2 − d(p, G˜)−2).
With the two previous technical lemmas at hand, the following modification of
[2, Prop. 4.14] can be carried out.
Proposition 4.13 There exists a smooth function
h : M → [0,∞)
which satisfies:
(i) h(q) ≥ 1 if q ∈ SK , with h(H) ≡ 1, h(SK\G0) > 1.
(ii) h(q) = 0 if q ∈ J−(S0).
(iii) If q ∈ J−(SK) and h(q) 6= 0 then ∇h(q) is timelike and past-directed.
Proof: Consider for any p ∈ SK\G0 the convex neighborhood Cp in Lemma 4.11,
and take the corresponding function hp. Let Wp = h
−1
p ((1,∞)) (Wp ⊂ Cp), and
WG = h
−1
G (0,∞). Obviously,
W = {Wp, p ∈ SK\G0} ∪ {WG}
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covers the closed hypersurface SK , and admits a locally finite subcovering
2
W ′ = {Wpi , i ∈ N} ∪ {WG}. Notice that WG must be included necessarily in
the subcovering, because H ∩Wp = ∅ for all p. Then, it is easy to check that
h = hG +
∑
i
hi. (4)
fulfills all the requirements.
Proof of Theorem 1.1.
Notice that, by continuity, property (iii) of Proposition 4.13 also holds in
some neighbourhood V of SK . Thus, h admits 1 as a regular value in V ∪J−(SK)
and the connected component S of h−1(1) which contains H is included in the
closed subset J−(SK). Thus, S is a closed spacelike hypersurface of M which
lies between two Cauchy hypersurfaces S ⊂ J+(S0) ∩ J−(SK) and, then, it is
itself a Cauchy hypersurface [2, Corollary 3.11].
Remark 4.14 If H where not connected (but still acausal), then the proof
would remain essentially equal, just considering in (4) the sum of functions
hjG, j = 1, . . . l for each connected component H
j of H (instead of only one
hG). Notice that h
−1(1) ∩ J−(SK) cannot have more than one connected com-
ponent and, thus, a hypersurface containing all the Hj ’s is obtained. In fact,
the connectedness of h−1(1)∩J−(SK) follows because otherwise each connected
component would be a Cauchy hypersurface. But if there were more than one
component, a timelike curve γ in J−(SK) would cross two such Cauchy hy-
persurfaces, in contradiction with property (iii) (h increases on γ but if it is
constant on h−1(1) ∩ J−(SK)).
5 Continuous and smooth versions of Theorem
1.2
Along this section S will be one of the topological Cauchy hypersurfaces of
(M, g) (non-necessarily smooth nor acausal). If U ∋ p is a neighbourhood,
J+(p, U) denotes the causal future of p computed in U , regarded U as a space-
time.
Our aim will be to prove:
Theorem 5.15 Let (M, g) be globally hyperbolic, and S a Cauchy hypersurface.
There exists a smooth onto function τ : M → R such that:
(i) S = τ−1(0).
(ii) The gradient ∇τ is past-directed timelike on M\S.
(iii) Each level St = τ
−1(t), t ∈ R\{0} is a spacelike Cauchy hypersurface.
Even more, if S is acausal then τ is also a smooth time function.
2The assumption on the bound by 1 of the gR-diameter of Cp (Section 2) is used here; see
[2, Lemma 4.13] for related details.
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Lemma 5.16 I+(S) and I−(S), regarded as spacetimes, are globally hyperbolic.
Proof: Straightforward by taking into account (for I+(S)):
J+(p, I+(S)) ∩ J−(q, I+(S)) = J+(p) ∩ J−(q), ∀p, q ∈ I+(S).
Our construction of the function with the required properties (along this section
and the next one), starts at the following result, which will be subsequently
refined:
Proposition 5.17 There exists a continuous onto function τ˜ : M → R such
that:
(i) S = τ˜−1(0).
(ii) τ˜ is smooth with (past-directed) timelike gradient on M\S.
(iii) Each St, t ∈ R\{0} (inverse image of the regular value t 6= 0) is a
spacelike Cauchy hypersurface.
Even more, if S is acausal then τ˜ is also a time function.
Proof: Let TS+ (resp. TS−) be a (onto) Cauchy temporal function on I+(S)
(resp. I−(S)), as constructed in [3]. Define
τ˜(p) =


exp(TS+(p)), ∀p ∈ I+(S)
0, ∀p ∈ S
− exp(−TS−(p)), ∀p ∈ I−(S).
In order to check the continuity of τ˜ on S, take any sequence {xk} → x0 ∈ S.
Assume {xk}k ⊂ I+(S) (the case I−(S) is analogous), and recall that all the
points xk must lie in a compact neighbourhood W of x0. Moreover, each xk
belongs to a level S˜tk = τ˜
−1(tk) of τ˜ (and TS+). If {tk}k did not converge to 0
then, up to a subsequence, {tk} → t0 > 0 and the limit x0 of {xk} would lie in
W ∩ St0 ⊂ I+(S), a contradiction.
To check that τ˜ satisfies the remainder of required properties becomes straight-
forward.
In the proof above, the levels of τ are clearly Cauchy hypersurfaces. Never-
theless, the analogous step in the proof of Theorem 5.15 will not be so evident,
and the following result will be useful (see [2, Corollary 11] or [8, Corollary 2]):
Proposition 5.18 Let S− and S+ be two disjoint Cauchy hypersurfaces of M
with S− ⊂ I−(S+). Then any connected, closed (as a topological subspace of M),
spacelike hypersurface contained in I+(S−)∩ I−(S+) is a Cauchy hypersurface.
Proof of Theorem 5.15.
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Notice that the function τ˜ constructed in Proposition 5.17 satisfies all the
conditions but the smoothability at S. In order to obtain this, consider a se-
quence of smooth functions ϕ+k , ϕ
−
k : R→ R such that:
ϕ+k (t) =
{
0, ∀t ≤ 1/k
t, ∀t ≥ 2 ϕ
−
k (t) =
{
t, ∀t ≤ −2
0, ∀t ≥ −1/k
dϕ+k
dt
(t0) > 0, ∀t0 > 1/k, dϕ
−
k
dt
(t0) > 0, ∀t0 < −1/k.
Choose constants Ck ≥ 1, such that:
∣∣∣∣d
mϕ+k
dtm
(t0)
∣∣∣∣ < Ck,
∣∣∣∣d
mϕ−k
dtm
(t0)
∣∣∣∣ < Ck, ∀m ∈ {1, . . . , k}. (5)
Now, put:
τ+k = ϕ
+
k ◦ τ˜ , τ−k = ϕ−k ◦ τ˜ .
Recall that ∇τ+k , (resp. ∇τ−k ) is timelike past-directed in I+(S1/k) (resp.
I−(S−1/k)) and 0 otherwise. The required function is then:
τ = Λ
∞∑
k=1
1
2kCk
(
τ+k + τ
−
k
)
with Λ =
∑
k 2
kCk. In fact, the smoothness of τ follows from the definition
of τ±k and the bounds in (5) (see [3, Theorem 3.11] for related computations).
Property (i) is trivial, and (ii) follows from the convexity of the timecones (recall
[3, Lemma 3.10]). For (iii), recall that τ−1(t) = τ˜−1(t) for |t| ≥ 2; for the case
|t| < 2, use Proposition 5.18 with S− = S−2, S+ = S2.
6 From smooth time functions to temporal func-
tions
Along this section the Cauchy hypersurface S will be spacelike, and we will fix
a smooth time function τ as in Theorem 5.15. Our purpose is to complete the
proof of Theorem 1.2.
Lemma 6.19 Let W ⊂ τ−1(−1, 1) be an open neighborhood of S. Then, there
exist a function h+ (resp h−) on M such that:
(i) h+ ≥ 0 (resp. h− ≤ 0) on M , and h+ ≡ 0 on I−(S)\W (resp. h− ≡ 0
on I+(S)\W ).
(ii) h+ ≡ 1 on J+(S) (resp. h− ≡ −1 on J−(S)).
(iii) If ∇h+(p) (resp. ∇h−(p)) does not vanish at p (∈ W ) then ∇h+(p)
(resp. ∇h−(p)) is timelike past-directed.
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Proof: For h−, take the function h
− in [3, Lemma 3.8] with U = W ∪ J−(S)
(function h+ can be constructed analogously).
Taking into account the notion of “time step function” in [3], the key step now
is to prove the existence of a function τ0 as in [3, Proposition 3.6] such that S
is a level of τ0. More precisely:
Proposition 6.20 Given the Cauchy hypersurfaces Si = τ
−1(i), i = −1, 0, 1
(S ≡ S0) there exists a function τ0 such that:
1. ∇τ0 is timelike and past-directed where it does not vanish, that is, in the
interior of its support V := Int(Supp(∇τ0)).
2. −1 ≤ τ0 ≤ 1.
3. τ0(J
+(S1)) ≡ 1, τ0(J−(S−1)) ≡ −1. In particular, V ⊂ τ−1(−1, 1).
4. S = τ−10 (0) ⊂ V .
Proof: Consider the function p → d(p, S), where d(·, S) is the signed distance
to S, i.e, |d(p, S)| is the maximum length of the causal curves from p to S,
d(p, S) ≥ 0 if p ∈ J+(S), and d(p, S) < 0 otherwise. The function hS(p) =
d(p, S) + 1 satisfies hS(S) ≡ 1 obviously. Moreover, hS is smooth, positive and
with past-directed timelike gradient in the closure of some open neighbourhood
W of S. Without loss of generality, we will assume W ⊂ τ−1(−1, 1).
Now, consider the function h+ provided in Lemma 6.19. Clearly,
h+ = hSh+
is smooth, non-negative and well defined in W ∪ J−(S) (putting h+ ≡ 0 on
J−(S)\W ). Even more, ∇h+ is timelike and past-directed where it does not
vanish (simply, use Leibniz’s rule and the conditions imposed on h+, hS ; notice
that the role of h+ is similar to the function also labelled h+ in [3, Proposition
3.6]). Taking h− from Lemma 5.16, the required function will be
τ0 = 2
h+
h+ − h− − 1
(τ0 is extended as 1 on J
+(S)\W ). In fact, notice that
∇τ0 = 2 h
+∇h− − h−∇h+
(h+ − h−)2
is either timelike or 0 everywhere, and also the other required properties hold.
Proof of Theorem 1.2.
The required function is
T = τ + τ0,
where τ is taken from Theorem 5.15 and τ0 from previous proposition. In fact,
T is obviously a temporal function with S = T −1(0). Even more, the levels
of T are Cauchy hypersurfaces: T −1(t) = τ−1(t) for |t| > 1 and, for the case
|t| < 1, use Proposition 5.18 with S− = S−1, S+ = S1.
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